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Abstract
A new proof for the equivalence of several topologies on homeomorphism groups over certain
metric spaces X is given, which is based on the metric of X.
© 2005 Elsevier Inc. All rights reserved.
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1. Announcement of the result
Let X be a topological space and denote by H(X) the group of autohomeomorphisms
of X. H(X) can be equipped with two topologies T1,T2:
• T1 is the compact-open topology generated by the subbasis
{[K,O] := {f ∈H(X): f (K) ⊂ O}: K compact and O open in X};
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the Alexandroff one-point compactification of X.
In general, T1 is different from T2 even for locally compact separable metric spaces. In
fact, an example of Dijkstra [2] showed that (H(X),T1) may not be a topological group.
However, a classical result of Arens [1] states that when a Hausdorff space X is non-
compact, locally connected, and locally compact then T1 coincides with T2. Recently,
Dijkstra [2] improved Arens’s theorem to the situation that every point has a neighborhood
that is a continuum (a compact connected set).
Theorem 1.1 ((Dijkstra [2])). Let X be a non-compact Hausdorff space. If every point
in X has a neighborhood that is a continuum, then T1 coincides with T2. In particular,
(H(X),T1) is a topological group.
We now turn to the situation that (X,d) is a non-compact metric space. Let C(X) be the
space of continuous mappings from X to itself. For any compact subset K ⊂ X, let
ρK0 (f, g) := sup
x∈K
d
(
f (x), g(x)
)
and
U(f,K, ε) := {g ∈ C(X): ρK0 (g, f ) < ε
}
, f ∈ C(X), ε > 0.
C(X) is endowed with the compact uniform convergence topology Tˆ3 generated by the
subbasis
{
U(f,K, ε): f ∈ C(X), K compact in X, ε > 0}.
H(X) can also be endowed with two more topologies by using the metric d :
• T3 := Tˆ3 ∩H(X), the relative topology;
• T4 is generated by the subbasis
{{
g ∈H(X): ρK0 (g, f ) + ρK0
(
g−1, f −1
)
< ε
}
: f ∈H(X),K compact in X,
ε > 0
}
.
Naturally, one may ask whether T3,T4 coincides with T1,T2. In fact, the following
affirmative answer can be deduced from Theorem 1.1.
Theorem 1.2. Let (X,d) be a non-compact metric space. If every point of X has a neigh-
borhood that is a continuum, then
T1 = T2 = T3 = T4.
The aim of the present paper is to give an elementary and direct proof of this result.
Now let (X,d) be a locally compact separable metric space. Let {Kn ⊂ X: n ∈ N} be
an increasing family of compact sets such that
⋃
Kn = X.
n∈N
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ρ(g1, g2) := ρˆ(g1, g2) + ρˆ
(
g−11 , g
−1
2
)
,
where
ρˆ(g1, g2) :=
∞∑
n=1
2−n
(
ρˆ
Kn
0 (g1, g2) ∧ 1
)
.
Then
Corollary 1.3. If (X,d) is complete, separable and every point in X has a continuum
neighborhood, then the topological group (H(X),ρ) is a complete separable metric space.
2. Proof
We first prove two useful lemmas.
Lemma 2.1. Let (X,d) be a non-compact metric space such that every point in X has a
continuum neighborhood. Assume that fn, f ∈H(X) and that fn converges compact uni-
formly to f (i.e., in T3). Then for any compact subset G ⊂ X, ⋃n∈N f −1n (G) is relatively
compact.
Proof. By the compactness of G, it suffices to prove that for any x ∈ G, there exists a
relatively compact neighborhood V such that
⋃
n∈N f −1n (V ) is relatively compact. To this
end, by the relative compactness of V , we only need to prove that there exists an N ∈ N
such that
⋃
n>N f
−1
n (V ) is relatively compact.
For x ∈ G, let V be a continuum neighborhood of x. Since X is locally compact, there
exists an r > 0 such that
U := {y: d(y,V ) < 3r}
is relatively compact. Clearly,
d
(
V,Uc
)
 3r.
Set
V1 :=
{
y: d(y,V ) < r
}
, V2 :=
{
y: d(y,V ) < 2r
}
.
Then
V ⊂ V1 ⊂ V2 ⊂ U, d
(
V¯1,V
c
2
)
 r.
Set A := f −1(U) and y := f −1(x).
If ∂U = ∅, set C := f −1(∂U), then C is compact. Now let N ∈N be such that
sup supd
(
fn(z), f (z)
)
< d
(
V¯1,V
c
2
) (1)n>N z∈C
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⋃
n>N
{
fn(y)
} ∈ V. (2)
(1) implies
fn(C) ∩ V = ∅, n > N.
Hence
V = (fn(A) ∩ V
)∪ (fn
(
A¯c
)∩ V ), n > N. (3)
If ∂U is empty, then ∂A is empty and, consequently, (3) still holds.
Since (2) implies
fn(A) ∩ V = ∅, n > N,
by the connectedness of V we have by (3),
fn
(
A¯c
)∩ V = ∅, n > N,
which yields
fn
(
A¯c
)⊂ V c, n > N,
namely
f −1n (V ) ⊂ A¯.
Since A¯ is compact,
⋃
n>N f
−1
n (V ) ⊂ A¯ is relatively compact and the proof is com-
pleted. 
Lemma 2.2. Keep the assumption in Lemma 2.1. For gk, g ∈H(X), if
gk → g in T3,
then
g−1k → g−1 in T3 or gk → g in T4.
Proof. It is enough to prove that for any compact K ⊂ X,
lim
k→∞ supx∈K
d
(
g−1k (x), g
−1(x)
)= 0. (4)
Suppose not. Then there exists an ε > 0 and a sequence xk ∈ K such that
d
(
g−1k (xk), g
−1(xk)
)
 ε.
Extracting a subsequence if necessary, we assume that xk → x0 ∈ K . Set yk := g−1k (xk),
zk := g−1(xk), z := g−1(x0). By Lemma 2.1 we see that there exists a subsequence {ykn}
converging to a point y0 ∈ X. Again, without any loss of generality we assume the sequence
itself converges. Thus we have
d(y0, z) = lim d(yk, zk) ε.
k→∞
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g(y0) = lim
k→∞gk(yk) = limk→∞xk = x0 = g(z).
So y0 = z, a contradiction. Thus (4) is true. 
Now we can give
Proof of Theorem 1.2. It is well known that Tˆ3 coincides with the compact open topology
Tˆ1 on C(X) (see [3]). Thus,
T1 = Tˆ1 ∩H(X) = Tˆ3 ∩H(X) = T3. (5)
Theorem 1.2 now follows from (5), Lemma 2.2 and Theorem 1.1. 
Proof of Corollary 1.3. Since (C(X), ρˆ) is separable, so is (H(X),ρ). Now let {gn} be
a Cauchy sequence in (H(X),ρ). Then by the completeness of C(X) there exist g0, g1 ∈
C(X) such that
lim
n→∞ ρˆ
(
gn, g
0)= 0, lim
n→∞ ρˆ
(
g−1n , g1
)= 0. (6)
Hence by the compact uniform convergence of gn to g0 and g−1n to g1, we have
g0
(
g1(x)
)= lim
n→∞g
0(g−1n (x)
)= lim
n→∞gn
(
g−1n (x)
)= x.
For the same reason we have
g1
(
g0(x)
)= x.
So g0 = (g1)−1 ∈H(X), which combined with (6) gives the completeness. The proof is
thus completed. 
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